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We explicitly construct the non-homogeneous multivariate Pade� approximants to
a two variable version of the q-logarithm function

Lq(x, y) := :

�

i, j=0

(q&1) xiy j

qi+ j+1&1
,

for |q|>1 and |x|, | y|<|q|, by using the residue theorem and functional equation
method. � 2000 Academic Press
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1. INTRODUCTION

By using the residue theorem and the functional equation method,
Borwein [1] explicitly constructed the Pade� approximants to a q analogue
of the one variable exponential, logarithm and partial theta functions. By
using the similar but more technique method, the author explicitly con-
structed in [10] and [11] the general multivariate Pade� approximants to
some q-functions which satisfy some functional equations, e.g.

Fq(x, y) := `
�

j=0

(1+q& jx+q&2jxy), |q|>1, (1.1)
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a two variable version of a infinite product discussed by Bundschuh [2],
Wallisser [9] and many other researchers; and

Eq(x, y) := :
�

i, j=0

x iy j

[i+ j]q !
, |q|>1, (1.2)

a two variable version of the q-exponential function discussed by Borwein
[1], Mahler [8], Wallisser [9] and many others (See (1.12) below for the
notation of [n]q ! for integers n.); and

Tq(x, y) := :
�

i, j=0

q (i+ j)(i+ j&1)�2x iy j, |q|<1, (1.3)

a two variable version of the partial theta function discussed by Borwein
[1], Lubinsky and Saff [7] and many others. By constructing the similar
approximants to the function Fq(x, y) defined by (1.1), the author proved
in [12] that if q is an integer greater than one, r and s are any rationals,
then

`
�

j=0

(1+q& jr+q&2js)

is irrational.
As the situation is complicated when we deal with multivariate functions,

explicit construction of multivariate Pade� approximants to a function is
challenging. Our intention in this paper is to show how to construct the
general multivariate Pade� approximants to a two variable version of the
q-logarithm. In order to avoid notational difficulties to introduce the defini-
tion of multivariate Pade� approximants, we restrict ourselves to the case
of bivariate functions. The generalization to more than two variables is
straightforward (see Cuyt [5]).

Definition. Let

F(x, y) := :
(i, j) # N2

c ijxiy j, cij # C (1.4)

be a formal power series, and let M, N, E be index sets in N_N=: N2. The
(M, N) general multivariate Pade� ' approximant to F(x, y) on the finite set
E is a rational function

[M�N]E (x, y) :=
P(x, y)
Q(x, y)

(1.5)
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with polynomials

P(x, y) := :
(i, j) # M

aijxiy j, aij # C, (1.6)

Q(x, y) := :
(i, j) # N

b ijxiy j, bij # C, (1.7)

and interpolation set E, such that

(FQ&P)(x, y)= :
(i, j) # N2"E

dijx iy j, dij # C (1.8)

with

M�E, (1.9)

*(E"M)�*N&1 (1.10)

and E satisfies the inclusion property:

(i, j) # E, 0�k�i, 0�l� j O (k, l ) # E. (1.11)

One may find properties of general multivariate Pade� approximants
discussed in Cuyt [3], [4]. We need here the standard q analogues of
factorials and binomial coefficients. The q-factorial is

[n]q ! :=[n]! :=
(1&qn)(1&qn&1) } } } (1&q)

(1&q)n , (1.12)

where [0]q ! :=1. The q-binomial coefficient is

_n
k&q

:=_n
k& :=

[n]!
[k]! } [n&k]!

. (1.13)

Note that

[n]q&1!=q&n(n&1)�2[n]!, (1.14)

_n
k&q&1

=q&k(n&k) _n
k& , (1.15)

`
n

h=0
h{k

(q&k&q&h)=(&1)k q&k(k&1)�2&n(n+1)�2[n]! [k]! (1&q)n, (1.16)

20 PING ZHOU



and (see Gasper and Rahman [6]) for |t|<q&n,

1
>n

k=0 (t&q&k)
=(&1)n+1 qn(n+1)�2 :

�

l=0 _
n+l

l & t$. (1.17)

We also need the Cauchy binomial theorem

:
n

k=0
_n

k& qk(k+1)�2xk= `
n

k=1

(1+qkx). (1.18)

We state our results in Section 2 and proof the results in Section 3.

2. EXPLICIT CONSTRUCTION OF THE APPROXIMANTS

The functional equation a function satisfies and the appropriate integral
we construct play the crucial roles in finding the explicit formulae for
multivariate Pade� approximants to this function. The functional equation
used in this paper is simple while the integral is relatively complicated.

Let |q|>1, |x|, | y|<q,

L(x, y) :=Lq(x, y) := :
�

i, j=0

(q&1) x iy j

qi+ j+1&1
. (2.1)

As

qi+ j+1&1=(q&1)(q i+ j+qi+ j&1+ } } } +1),

we have

lim
q � 1

L(x, y)= :
�

i, j=0

x iy j

i+ j+1

=
1

y&x
[ln(1&x)&ln(1& y)]. (2.2)

So we say that L(x, y) is a two variable q-analogue of the logarithm
function. Now for k�0 integer, and |x|, | y|<|q|,
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L(q&1x, q&1y)= :
�

i, j=0

(q&1) q&(i+ j)xiy j

q i+ j+1&1

= :
�

i, j=0

(q&1)(1&qi+ j+1+qi+ j+1) x iy j

qi+ j (qi+ j+1&1)

= :
�

i, j=0

q(q&1) xiy j

qi+ j+1&1
&(q&1) :

�

i, j=0

x iy j

q i+ j

=qL(x, y)&
(q&1)

(1&q&1x)(1&q&1y)
,

so

L(q&kx, q&ky)=qkL(x, y)& :
k

j=1

(q&1) qk& j

(1&q& jx)(1&q& jy)

=: qkL(x, y)&Sk(x, y), (2.3)

where

Sk(x, y) := :
k

j=1

(q&1) qk& j

(1&q& jx)(1&q& jy)
. (2.4)

Theorem. Let L(x, y) and Sk(x, y) be defined by (2.1) and (2.4), and

Rn(x, y) := `
n&1

j=0

(1&q jx)(1&q jy). (2.5)

Let m, n # N, m�n+1�1, and

W :=[(i, j): 0�i+ j�m, i, j�0], (2.6)

N :=[(i, j): 0�i, j�n], (2.7)

M :=N _ W, (2.8)

E :=[(i, j): 0�i+ j�m+n, i, j�0]. (2.9)

Let

I(x, y) :=
1

2?i |1

Rn(tx, ty) L(tx, ty) dt
(>n

k=0 (t&q&k)) tm+1 , (2.10)
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where 1 is a circular contour containing 0, q0, q&1, ..., q&n, and

Q(x, y) :=
qn(n+1)�2

(1&q)n [n]!
:
n

k=0

(&1)k _n
k& qmk+k(k+3)�2Rn(q&kx, q&ky),

(2.11)

and

P(x, y) :=
qn(n+1)�2

(1&q)n [n]!
:
n

k=0

(&1)k+1

__n
k& qmk+k(k+3)�2Rn(q&kx, q&ky) Sk(x, y)

+
1

m !
d m

dtm {Rn(tx, ty) F(tx, ty)
>n

k=0 (t&q&k) = t=0

. (2.12)

Then

(i)

(ii)

(iii)

(iv)

I(x, y)=Q(x, y) L(x, y)+P(x, y); (2.13)

Q(x, y)= :
(i, j) # N

aijxiy j, aij # C, (2.14)

P(x, y)= :
(i, j) # M

bijx iy j, bij # C; (2.15)

I(x, y)= :
(i, j) # N2 "E

d ijxiy j, dij # C; (2.16)

M�E, and *(E"M)�*N&1, (2.17)

and then the (M, N) non-homogeneous multivariate Pade� approximant to
L(x, y) on the set E is

[M�N]E (x, y)=&
P(x, y)
Q(x, y)

.

Remark. For simplicity we focus on the two variable case above. In fact
this result can be generalized to multivariable series

Lq(z
�
) := :

�

j1 , ..., jk=0

z j1
1 } } } z jk

k

q j1+ } } } + jk+1&1
, (2.18)
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where z
�

:=(z1 , ..., zk) # Ck, and |zl |< |q|, l=1, ..., k, by substituting (x, y)
by (z1 , ..., zk) and xiy j by z j1

1 } } } z jk
k , and W, N, M, E by

W* :=[( j1 , ..., jk) # Nk : 0� j1+ } } } jk�m], (2.19)

N* :=[( j1 , ..., jk) # Nk : 0� j1 , ..., jk�n], (2.20)

M* :=N _ W, (2.21)

E* :=[( j1 , ..., jk) # Nk : 0� j1+ } } } + jk�m+n], (2.22)

respectively.

3. PROOF OF THE THEOREM

Proof of (i). We can see that the integrand in (2.10) has simple poles
at t=1, q&1, ..., q&n, and a pole of order m+1 at t=0, inside the contour
1. By the residue theorem and the functional equation (2.3), and (1.13) to
(1.16), we have

I(x, y)=
1

2?i |1

Rn(tx, ty) L(tx, ty) dt
(>n

k=0 (t&q&k)) tm+1

= :
n

k=0

Rn(q&kx, q&ky) L(q&kx, q&ky)
(>n

h=0, h{k (q&k&q&h)) q&k(m+1)

+
1

m !
d m

dtm {Rn(tx, ty) L(tx, ty)
>n

k=0 (t&q&k) =t=0

=
qn(n+1)�2

(1&q)n [n]!
:
n

k=0

(&1)k

__n
k& qk(k+1)�2+kmRn(q&kx, q&ky)(qkL(x, y)&Sk(x, y))

+
1

m !
d m

dtm {Rn(tx, ty) L(tx, ty)
>n

k=0 (t&q&k) =t=0

=Q(x, y) L(x, y)+P(x, y).

Proof of (ii). It is easy to see from the definition of Q(x, y) and
Rn(x, y) that (2.14) holds. Now for 0�k�n,
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Rn(q&kx, q&ky)= `
n&1

j=0

(1&q j&kx)(1&q j&ky)

=\ `
k

j=1

(1&q& jx)(1&q& jy)+\ `
n&k&1

j=0

(1&q jx)(q jy)+ ,

then

Rn(q&kx, q&ky) Sk(x, y)=(q&1) \ `
n&k&1

j=0

(1&q jx)(1&q jy)+
_ :

k

h=1

qk&h `
k

j=1
j{h

(1&q& jx)(1&q& jy), (3.1)

and then

Rn(q&kx, q&ky) Sk(x, y)= :
(i, j) # N

sijxiy j, sij # C. (3.2)

From the Cauchy binomial theorem (1.18),

Rn(tx, ty)= `
n&1

j=0

((1&q jxt)(1&q jyt))

=\ :
n

k=0

(&1)k _n
k& qk(k&1)�2xktk+ \ :

n

l=0

(&1) l _n
l& q l(l&1)�2yltl+

= :
n

k, l=0

(&1)k+l _n
k&_

n
l& qk(k&1)�2+l(l&1)�2xkyltk+l. (3.3)

Also

L(tx, ty)= :
�

i, j=0

(q&1) xiy jti+ j

qi+ j+1&1
. (3.4)

Then from (1.17), (3.3) and (3.4), for |t|�q&n,

Rn(tx, ty) L(tx, ty)
>n

k=0 (t&q&k)

=(&1)n+1 qn(n+1)�2 :
�

i, j, h=0

:
n

k, l=0

(&1)k+l _n
k&_

n
l & _

n+h
h &

_qk(k&1)�2+l(l&1)�2 (q&1) xi+ky j+lti+ j+h+k+l

(qi+ j+1&1)
.
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So

1
m !

d m

dtm {Rn(tx, ty) L(tx, ty)
>n

k=0 (t&q&k) =t=0

=(&1)n+1 (q&1) qn(n+1)�2

_ :

0�i, j, h�m, 0�k, l�n
i+ j+h+l+k=m

(&1)k+l xi+ky j+l

(qi+ j+1&1)

__n
k&_

n
l&_

n+h
h & qk(k&1)�2+l(l&1)�2,

(3.5)

and then

1
m!

d m

dtm {Rn(tx, ty) L(tx, ty)
>n

k=1 (t&qk) = t=0

= :
(i, j) # W

rijx iy j, rij # C. (3.6)

Thus (2.15) follows from (3.2) and (3.6).

Proof of (iii). From (2.10), (3.3) and (3.4),

I(x, y)=
1

2?i |
1

Rn(tx, ty) L(tx, ty) dt
tm+n+2(>n

k=0 (1&1�(qkt))

=
1

2?i |
1

Rn(tx, ty) L(tx, ty)
tm+n+2 \ :

j0 , ..., jn�0

`
n

k=0
\ 1

qkt+
jk

+ dt

= :
j0 , ..., jn�0

q&� n
k=0 kjk }

1
2?i |

1 { 1
tm+n+2+( j0+ } } } +jn)

_ :
�

i, j=0

:
n

k, l=0

(&1)k+l _n
k&_

n
l& qk(k&1)�2+l(l&1)�2

_
(q&1) xi+ky j+lt i+ j+k+l

(qi+ j+1&1) = dt

= :
j0 , ..., jn�0

q&� n
k=0 kjk :

0�i, j��, 0�l, k�n
i+ j+l+k&(m+n+ j0+ } } } jn+2)=&1

(&1)k+l _n
k&_

n
l &

_qk(k&1)�2+l(l&1)�2 (q&1) xi+ky j+l

(qi+ j+1&1)

= :

j0+ } } } +jn�0

i+ j+l+k=m+n+ j0+ } } } j0+1
0�i, j��, 0�l, k�n

q&�n
k=0 kjk (&1)k+l _n

k&_
n
l&

_qk(k&1)�2+l(l&1)�2 (q&1) xi+ky j+l

(qi+ j+1&1)
. (3.7)

So (2.16) holds.
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Proof of (iv). M�E is obvious, and

*W=*[(i, j): 0�i+ j�m, i, j�0]=
(m+1)(m+2)

2
.

For n<m<2n, i.e. n+1�m�2n&1,

m&n�1, and 2n&m�1, (3.8)

and

*M=*N+2 }
(m&n)(m&n+1)

2

=(n+1)2+(m&n)(m&n+1)

=m2+2n2&2mn+m+n+1,

*E=
(m+n+1)(m+n+2)

2
,

so

*(E"M)= 1
2 (m+n+1)(m+n+2)&(m2+2n2&2mn+m+n+1)

=3mn& 1
2m2& 3

2n2+ 1
2m+ 1

2n

=mn& 1
2m(m&n)+ 3

2n(m&n)+ 1
2 (m+n)

=mn+ 1
2 (m&n)(3n&m)+ 1

2 (m+n)

�mn+ 1
2 (n+1)+ 1

2 (m+n) (by (3.8))

�(n+1) n+ 1
2n+ 1

2 (n+n)+ 1
2

�n2+2n

=*N&1.

Now for m�2n, we have N�M, and

E"M=[(i, j): m+1�i+ j�m+n, i, j�0],

then

*(E"M)=
(m+n+1)(m+n+2)

2
&

(m+1)(m+2)
2

=
n(2m+n+3)

2

�
n(5n+3)

2
(as m�2n)

�n2+2n

=*N&1. (3.9)
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Then for all m�n+1,

*(E"M)�*N&1.

Combining (i), (ii), (iii) and (iv), we have

[M�N]E (x, y)=&
P(x, y)
Q(x, y)

.

This completes the proof of the Theorem.
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