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We explicitly construct the non-homogeneous multivariate Padé approximants to
a two variable version of the g-logarithm function
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for |¢| > 1 and |x|, |y| <|q|, by using the residue theorem and functional equation
method.  © 2000 Academic Press
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1. INTRODUCTION

By using the residue theorem and the functional equation method,
Borwein [ 1] explicitly constructed the Padé approximants to a ¢ analogue
of the one variable exponential, logarithm and partial theta functions. By
using the similar but more technique method, the author explicitly con-
structed in [10] and [11] the general multivariate Padé approximants to
some ¢-functions which satisfy some functional equations, e.g.

Fye, p)i=11 (I +q7x+q7%xy),  lql>1, (1.1)
j=0
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a two variable version of a infinite product discussed by Bundschuh [2],
Wallisser [9] and many other researchers; and

ee] xiyj
E(x9 J’): . . 9 |q|>19 (12)
i i’j2=0[l+]]q!

a two variable version of the g-exponential function discussed by Borwein
[1], Mahler [ 8], Wallisser [ 9] and many others (See (1.12) below for the
notation of [n],! for integers n.); and

T (x, )= 3 qU+/u+/=Dlxhy) lgl <1, (1.3)
i, j=0

a two variable version of the partial theta function discussed by Borwein
[1], Lubinsky and Saff [ 7] and many others. By constructing the similar
approximants to the function F (x, y) defined by (1.1), the author proved
in [12] that if ¢ is an integer greater than one,  and s are any rationals,
then

(14+q r+q~ %)

1=

is irrational.

As the situation is complicated when we deal with multivariate functions,
explicit construction of multivariate Padé approximants to a function is
challenging. Our intention in this paper is to show how to construct the
general multivariate Padé approximants to a two variable version of the
g-logarithm. In order to avoid notational difficulties to introduce the defini-
tion of multivariate Padé approximants, we restrict ourselves to the case
of bivariate functions. The generalization to more than two variables is
straightforward (see Cuyt [5]).

DEFINITION. Let

Flx,y):= ) cyx'y, c; €C (1.4)

G, HeN?

be a formal power series, and let M, N, E be index sets in N x N =: N2 The
(M, N) general multivariate Padé’ approximant to F(x, y) on the finite set
E is a rational function

[M/N]g(x, y) = (1.5)
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with polynomials

P(x,y)i= ), ayxy,  a;€C,

(i ))eM

O(x,y):= ) byxy, b;eC,

(L, ))eN

and interpolation set E, such that

(FO—P)(x,y)= ) dgxy’, d;eC

(i, ) eNNE
with
McE,

#(E\M)> #N—1

and E satisfies the inclusion property:

(i, )eE, 0<k<i, 0<I<j=(k])eE.

(1.6)

(1.7)

(1.8)

(1.9)
(1.10)

(L11)

One may find properties of general multivariate Padé approximants
discussed in Cuyt [3], [4]. We need here the standard ¢ analogues of

factorials and binomial coefficients. The g-factorial is

(1—¢"(1—g"""--(1-q)

[n],!:=[n]:= (I—gq)

where [0],!:= 1. The g-binomial coefficient is

Note that

[n]g-1t=q~"" 2 [n]l,

n _—kn—k) | 1
Mql ! M

li[ (g7 —q™") = (=1)f g~ e 2= DRI K] (1= g)"

h=0
h#k

>

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)



PADE APPROXIMANTS FOR ¢-LOGARITHM 21

n

and (see Gasper and Rahman [6]) for |f| <g ™",

1 X [n+!
— — :(_1)n+lqn(n+l)/2 |: :| . (117)
[Ti_o(t—q7%) ,;0 /
We also need the Cauchy binomial theorem
y m g2k = TT (14 g¥x), (118)
k=0 k k=1

We state our results in Section 2 and proof the results in Section 3.

2. EXPLICIT CONSTRUCTION OF THE APPROXIMANTS

The functional equation a function satisfies and the appropriate integral
we construct play the crucial roles in finding the explicit formulae for
multivariate Padé approximants to this function. The functional equation
used in this paper is simple while the integral is relatively complicated.

Let [g[ > 1, |x], [y <4,

S (g—1)xy’
L(X,y)ZZLq(X,y):Z.ZOW. (21)
i j=
As
g =1=(g= 1"+ T+ 4 ),
we have
lim L(x, y)= 3] Xy’
X =
g—1 > Litoltitl
1
=yfx[ln(l—x)—ln(l—y)]. (2.2)

So we say that L(x, y) is a two variable g-analogue of the logarithm
function. Now for k >0 integer, and |x|, |y| <|q|,



22 PING ZHOU

[°9) 1) (i+j)xiyj
L(g~'x,q7y) Z PR

i,

( 71)(1 z+]+1+qz+]+1)xyj
z+](qz+]+1 1)

I
M8 g

0

& qlg—1)x7’ & xy’
= X oy =D Y P

ij=0 4 i, j=0

i,

N [ A AT}

SO

k
L(g=*x, q*y) = Z

=:¢"L(x, y) — Si(x, »),
where

k—J

k —1
S, v)i= 3 (q : ) q

THEOREM. Let L(x, y) and S;(x, y) be defined by (2.1) and (2.4), and

1:[ 1 —q¢/x)(1 —g’y).

Let m,neN,m>=n+12>1, and

Wi={(, j):0<i+ j<m,i, j=>0},
N:={(i, j): 0<i, j<n},
M:=NUW,

E:={(i, j):0<i+ j<m+n,i, j=0}.

Let

I(x, y):=

1 J R, (tx, ty) L(tx, ty) dt
2nilr (TTh_o (t—q %)) "1

(2.5)

(2.10)
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where I is a circular contour containing 0, ¢°, ¢ 71, ..., ¢ ", and

qn(n+1)/2 n n
0 3) = e B (=1 | 2R (g g ),
(I—=q)"[n]' =, k
(2.11)
and
qn(n+1)/2 n et
P(x,y)i=————+——= ) (=1
(I—=¢q)"[n]! kgo
| R g R ) Sy )
L‘Lm {Rn(tfa ) F(tx:kty)} . @.12)
m'dl Hk:()(f—q ) t=0
Then
(i)  I(x, y)=0(x, y) L(x, y) + P(x, y); (2.13)
) Oxy= ¥ auh, ayeC. (214)
(i, )eN
P(x,y)= ) bx"y’, b, eC; (2.15)
G, jleM
(i)  A(x, )= ), dyx'y, d;eC; (2.16)
(i, j)e N2\E
(iv) MCcE, and #(E\M)>= #N—1, (2.17)

and then the (M, N) non-homogeneous multivariate Padé approximant to
L(x, y) on the set E is

[M/N]g(x, y)=—

Remark. For simplicity we focus on the two variable case above. In fact
this result can be generalized to multivariable series

e Z{l...zi’f
L,z):= > git AR ] (2.18)

Jts s =09
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where z:=(z,, .., z;) € C*, and |z,| <|q|, I=1, .., k, by substituting (x, y)
by (zy, .., zx) and x%y’ by zJ' ... zJs, and W, N, M E by

W = {(j1s o ji) ENF 0 < jy + -+ jr <m}, (2.19)
N*:={(j1s s ju) ENF10< jy, oy i <n}, (2.20)
M*:=Nu W, (2.21)
E*:={(j1s o ji) ENF10<ji 4 -+ + ju<m+n}, (2.22)

respectively.

3. PROOF OF THE THEOREM

Proof of (1). We can see that the integrand in (2.10) has simple poles
att=1,¢g7' ..,¢~" and a pole of order m + 1 at t=0, inside the contour
I'. By the residue theorem and the functional equation (2.3), and (1.13) to
(1.16), we have

R, (tx, ty) L(tx, ty) dt
(I_IZ:o(t—q_k)) el

" (¢*x, ¢ *y) L(g~*x, ¢ *y)
Z o (

l_[h o.nek (4™ K—gq=") g+

1an {Rnux, w) Lz, ry)}
m! dt™ ]_[Z=0(t—q_k) .

n(n+1)/2 n

q k
= —1
(l—q)”[n]!kgo( )

o n=5-]

=0

X {Z} grEFDRERmR (q7Fx, ¢ TF ) (g L(x, y) — Si(x, ¥))

ld"'{Rn(tx, 1y) L(x, ty)}
mldim | Tli_o(t—q™%) J,

=0(x, y) L(x, y) + P(x, ).

=0

Proof of (ii). It is easy to see from the definition of Q(x, y) and
R,(x, y) that (2.14) holds. Now for 0 <k <n,
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R,(q7*x,q™ y=ﬂ x)(1—q’~%y)
Jj=0
k n—k—1 ) )
=<II (1 —g- y>< nj(l—q%xqwﬂ,
Jj=1 Jj=0
then
n—k—1
Ru(a~%, 4~7) Sy(x, y) = ( M (- ux1—qy0
Jj=0
k k
Zkhﬂ q7x)(1—q7y),  (3.1)
- T
and then
Rq7*x, q7*y) Si(x, y)= Y syxy), s, eC. (3.2)
(i, j))eN

From the Cauchy binomial theorem (1.18),

Ry(tx, y)= [ ((1—g/xt)(1 —gyr))

g ) (e

I
N\

k
v _1)k+! R =12+ 00— 1)2 ke, Lk +1 33
= (=D el 114 Xyl (33)
k=0
Also
L(tx, ty) = Z ?ly_l (34)

Then from (1.17), (3.3) and (3.4), for || <q™",

R, (tx, ty) L(tx, ty)
[Tr_o(t—q7%)

= (=12l grn+ D2 Z Z k+1{”“ﬂ [”Jrh}

i, j,h=0 k,I=0 k h
ik, jt it jrhtk+l
k(k71>/2+1(171)/2(q_1)xl+ /TR
(qi+j+1_1)

xq
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So
1 d™ (R,(tx, ty) L(tx, ty)
La- —1 n+1 -1 n(n+1)/2
m!dt,,,{ T —o(i—g ") |._ =(=1)"""(¢g—1)gq
-1 k+1 itk j+1
y v (=D X%y
( i+j+1__ 1)
it+j+h+l+k=m
0<i,j,h<m, 0<k,I<n
XVMH [”Jrh] ge= D2+ II= 12
k|| ! h ’
(3.5)
and then
1 d” {Rn(tx, ty) L(tx, ty)} -
—— ~ = rixtyl, r; €C. (3.6)
m! dt [Tici (t=4%) Jizo (i,j)ZeW Y !

Thus (2.15) follows from (3.2) and (3.6).
Proof of (ii1). From (2.10), (3.3) and (3.4),

1 J R, (tx, ty) L(tx, ty) dt
2mi Jp AT (1= 1/(q%1))

- LR“’C,,Z&JZ’“””(J > () )

05 s Jp =0 k=0
q—Zzzokjk,i 1
2ni Jr gt 2+ (ot e +n)

i (_1)k+l|:n:|{n:| P EEY R
k| !
=0

I(x, y)=

- Jn=0
o0
x Z
i, j=0
1) iRyl i
q Y dt

k,
)
x (ql+]+l 1)

= Y g Theoki ¥ (_l)kH[ZMﬂ

Jos s jn=0 i+j+l+k—m+n+jo+ - ju+2)=—1
0<ij<o0,0<Lk<n
_ i+k,j+1
k-4 (4= D X
i+j+1
(g —1)

= Z q—zz_okjk(_l)k+l|:n:|{n}
i+j+l+k=m+n+jo+ ---jo+1 k [
0<i,j<o00,0<Lk<n
Jo+ - +jn=0

xq

i+k,j+1
Kk— 2+ 10—y (= 1) X7

“ BT

So (2.16) holds.
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Proof of (iv). M < E is obvious, and

1 2
EW=#{(i j)0<i+ j<m, i, j>0p = mFDmT2)

2
Forn<m<2n,ie.n+1<m<2n—1,
m—n=1, and 2n—m=1, (3.8)
and
(m—n)(im—n+1)

M=#N+2.

# #N+ >
=(n+1)+(m—n)(m—n+1)
=m?*+ 20> —2mn+m+n+1,
#E:(m+n+1)(m~l—n+2)’

2
so

#(E\M)=4(m+n+1)m+n+2)—(m*>+2n*—2mn+m+n+1)
=3mn—1im?>—3n*+im+1in
=mn—ym(m—n)+3n(m—n) + 5(m+n)
=mn+3(m—n)3n—m)+3(m+n)
>mn+3(n+1)+3(m+n)  (by(3.8))
>(n+1)n+in+in+n)+1
=>n’+2n
—#N—1.

Now for m >2n, we have N = M, and

E\M={(i, j:m+1<i+j<m+n,i j>0},

then
#(E\M):(m—i—n—i-1)(m+n+2)_(m+1)(m+2)
2 2
_n(Zm+n+3)
B 2
;@ (asm >=2n)
=>n*+2n

=#N—1. (3.9)
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Then for all m>n+1,
#(E\M)> #N — 1.
Combining (i), (ii), (iii) and (iv), we have

P(x, y)_

[MINTs (% )= =5 =0

This completes the proof of the Theorem.
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